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Abstract
Let (M,ω) be a symplectic manifold and F be a Finsler structure on
M . In the present paper we define a lift of the symplectic two-form ω on
the manifold TM\0, and find the conditions that the Chern connection
of the Finsler structure F preserves this lift of ω. In this situation if M
admits a nowhere zero vector field then we have a non-empty family of
Fedosov structures on M .
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1 Introduction.
Connections are important objects in differential geometry. In 1917 a
connection introduced on a manifold embedded into Rn by Levi-Civita.
One year later H. Weyl introduced general symmetric linear connections
in the tangent bundle. In 1922 E. Cartan studied non-symmetric linear
connection which was applied in general relativity as a drastic tool([6]).
An interesting field about the connections in differential geometry is the
relation between connections and the other structures on a manifold.
One of these structures is the symplectic structure on the manifolds.
A symplectic connection is a symmetric connection which preserves the
symplectic form. Many mathematicians worked on the symplectic con-
nections. They found many interesting results about the relations of
symplectic connections and the other structures on the manifolds and
supermaniflds (see [2], [3], [5], [6], [7] and [8].).
Let (M,ω) be a symplectic manifold. A natural question is: ”Which
connections preserve ω?”.
Conversely, let ∇ be a connection on a manifoldM , we can ask ourselves:
”Which nondegenerete closed two-forms ω exist such that ∇ preserves
them?”.
I. Gelfand, V. Retakh and M. Shubin have obtained some interesting re-
sults about the first question in [6]. In this paper we try to answer to
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the second question in a special case.
Let (M,F ) be a Finsler manifold also at the same time let (M,ω) be
a symplectic manifold. Suppose that ∇˜ is the Chern connection arising
from the Finsler structure F . We define a canonical lift of ω on the
manifold TM\0 to find the conditions for ω, such that ∇˜ preserves the
canonical lift of ω. In this case if M admits a nowhere zero vector field
then we have a non-empty family of symplectic connections on M .
2 Preliminaries and notations.
In this section we give some important definitions and theorems which we
need in the following. In the first, we review some of general definitions
and theorems of symplectic geometry.
Definition 2.1. A symplectic form (or a symplectic structure) on a
manifold M is a nondegenerate, closed two-form ω on M . A symplectic
manifold (M,ω) is a manifold M together with a symplectic form ω on
M (For more details see [1]).
Definition 2.2. Assume (M,ω) is a symplectic manifold. Let ∇ be
a connection (covariant derivative) on M . We say that ∇ preserves ω if
∇ω = 0 or
Z(ω(X,Y )) = ω(∇ZX,Y ) + ω(X,∇ZY ),
for any vector fields X,Y, Z (For more details see [6].).
Definition 2.3. If ∇ is symmetric and preserve the given symplectic
form ω then we say that ∇ is a symplectic connection.
Definition 2.4. Fedosov manifold is a symplectic manifold with a
given symplectic connection. We show a Fedosov manifold by (M,ω,∇),
where ∇ is the symplectic connection such that preserves ω.
Theorem 2.5. (Darboux) Suppose ω is a nondegenerate two-form
on a 2n−
manifold M . Then dω = 0 if and only if there is a chart (U, φ) at each
m ∈ M such that φ(m) = 0, and with φ(u) = (x1(u), · · · , x2n(u)) we
have
ω|U =
n∑
i=1
dxi ∧ dxn+i.(2.1)
(For more details see [1].)
Now we give some fundamental concepts of Finsler geometry.
Definition 2.6. A Minkowski norm on Rn is a nonnegative function
F : Rn → [0,∞) which has the following properties:
(i) F is C∞ on Rn \ {0}.
(ii) F(λy) = λF(y) for all λ > 0 and y ∈ Rn.
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(iii) The n× n matrix (gij), where gij(y) := [
1
2F
2]yiyj (y), is positive-
definite at all y 6= 0.
Definition 2.7. Let M be an n−dimensional smooth manifold and
TM the tangent bundle of M . A function F : TM → [0,∞) is called a
Finsler metric if it has the following properties:
(i) F is C∞ on the slit tangent bundle TM \ 0.
(ii) For each x ∈M , Fx := F |TxM is a Minkowski norm on TxM .
If the Minkowski norm satisfies F(−y) = F(y), then one has the ab-
solutely homogeneity F (λy) = |λ|F (y), for any λ ∈ R. Every absolutely
homogeneous Minkowski norm is a norm in the sense of functional anal-
ysis.
Every Riemannian manifold (M, g) by defining
F (x, y) :=
√
gx(y, y) x ∈M, y ∈ TxM
is a Finsler manifold.
Also we use of the following relations:
gij := (
1
2
F 2)yiyj = FFyiyj + FyiFyj ,
Aijk :=
F
2
∂gij
∂yk
=
F
4
(F 2)yiyjyk ,
δyi
F
:=
1
F
(dyi +N ijdx
j),
where the N ij are collectively known as the nonlinear connection.
Theorem 2.8. (Chern) Let (M,F ) be a Finsler manifold. The
pulled-back bundle pi∗TM admits a unique linear connection, called the
Chern connection. Its connection forms (θij) are characterized by the
structural equations:
∗ Torsion freeness: d(dxi)− dxj ∧ θij = −dx
j ∧ θij = 0,
∗ Almost g−compatibility: dgij − gkjθ
k
i − gikθ
k
j = 2Aijs
δys
F
.
(For more details see [4].)
Also we use of the following notations.
Let (xi) and (xˆi), i = 1, · · · , n be local coordinates, we use of the following
notations:
(1) ∂i :=
∂
∂xi
and ∂ˆi :=
∂
∂xˆi
.
(2) ωij := ω(∂i, ∂j).
(3) ∇i := ∇∂i .
(4) (Christoffel symbols Γkij), ∇i∂j = Γ
k
ij∂k for symplectic connections.
(5) (Christoffel symbols Γ˜kij), ∇˜i∂˜j = Γ˜
k
ij ∂˜k for the Chern connection ∇˜.
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3 Symplectic Connections Induced by the
Chern Connection.
For Christoffel symbols of a symplectic connection we have the following
theorem.
Theorem 3.1. Let (M,ω,∇) be a Fedosov manifold. In Dorboux
coordinate (xi)2ni=1 for any k = 1, · · · , 2n we have:
Γi+nkj = Γ
j+n
ki 1 ≤ i ≤ n , 1 ≤ j ≤ n,
Γi+nkj = −Γ
j−n
ki 1 ≤ i ≤ n , n+ 1 ≤ j ≤ 2n,
Γi−nkj = −Γ
j+n
ki n+ 1 ≤ i ≤ 2n , 1 ≤ j ≤ n,
Γi−nkj = Γ
j−n
ki n+ 1 ≤ i ≤ 2n , n+ 1 ≤ j ≤ 2n.
Proof : It is suffices to use the equation ω =
∑n
i=1 dx
i ∧ dxn+i and
use of it in the following equation:
0 = ∂kω(∂i, ∂j) = ω(∇k∂i, ∂j) + ω(∂i,∇k∂j).
✷
Now we define a canonical lift of forms on the manifold TM\0.
Definition 3.2. Suppose that ω is a k−form on a manifold M of
dimension n. In this case we define a k−form ω˜ on the manifold TM\0,
associated to pulled-back bundle pi∗TM , in the following way and call it
the canonical lift of ω on pi∗TM :
ω˜(x,y) :
k−times︷ ︸︸ ︷
(pi∗TM)(x,y) × · · · × (pi
∗TM)(x,y) → R
ω˜(x,y)(z1, · · · , zn) = ωx(z1, · · · , zn).
For any x ∈M, y ∈ TxM\0 and z1, · · · , zn ∈ TxM .
Definition 3.3. Let X ∈ X (M) be a vector field on M . We define a
section X˜ of pi∗TM in the following way and call it the canonical lift of
X :
X˜(x,y) = Xx.
For any x ∈M and y ∈ TxM\0. We use of the notation ∂i with sense ∂˜i.
Definition 3.4. Let (M,ω) be a symplectic manifold with a Finsler
structure F on it. In this case we call the triple (M,ω, F ) a Finslerian
symplectic manifold.
Definition 3.5. Suppose that (M,ω, F ) is a Finslerian symplectic
manifold and ∇˜ is the Chern connection of (M,F ). We say that ∇˜
preserves ω if ∇˜ preserves ω˜, the canonical lift of ω, in the other words
if for any X,Y, Z ∈ X (M) we have
Z˜(ω˜(X˜, Y˜ )) = ω˜(∇˜Z˜X˜, Y˜ ) + ω˜(X˜, ∇˜Z˜ Y˜ ).
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Where X˜, Y˜ , Z˜ are the canonical lift ofX,Y, Z and Z˜(ω˜(X˜, Y˜ )) := Z(ω(X,Y )).
Suppose that ω˜ij := ω˜(∂˜i, ∂˜j) then for X = ∂i, Y = ∂j , Z = ∂k we have
∂˜kω˜ij = ω˜ilΓ˜
l
kj − ω˜jlΓ˜
l
ki.
Theorem 3.6. Let (M,ω, F ) be a Finslerian symplectic manifold and
∇˜ be the Chern connection of (M,F ) such that ∇˜ preserves ω. Suppose
that M admits a vector field W ∈ X (M) such that for any x ∈ M
we have Wx 6= 0TxM . Then there is a nonempty family of symplectic
connections on M such that preserves ω, in the other words there is a
nonempty family of Fedosov structures on M .
Proof : By using Christoffel symbols Γ˜kij of the Chern connection ∇˜
on TM\0 and vector field W we define new Christoffel symbols Γkij on
M in the following way:
Γkij(x) := Γ˜
k
ij(x,Wx).
Now we have a symmetric linear connection ∇, generated by Christoffel
symbols Γkij , on M such that preserves ω because for ∂i, ∂j and ∂k we
have:
{ω(∇∂k∂i, ∂j) + ω(∂i,∇∂k∂j)}x = {ω(Γ
l
ki∂l, ∂j) + ω(∂i,Γ
l
kj∂l)}x
= {ω˜(Γ˜lki∂˜l, ∂˜j) + ω˜(∂˜i, Γ˜
l
kj ∂˜l)}(x,Wx)
= {∂˜kω˜(∂˜i, ∂˜j)}(x,Wx)
= {∂kω(∂i, ∂j)}x.
So ∇ is a symplectic connection on M . ✷
Corollary 3.7. In Theorem 3.6, if (M,F ) is of Berwald type then
the induced symplectic connection is unique.
Proof : By using the definition of Berwald spaces, Christoffel sym-
bols of the Chern connection are functions only of variable x ∈ M so
the induced symplectic connection is not associated to vector field W .
Therefore the induced symplectic connection is unique. ✷
Theorem 3.8. Let (M,ω, F ) be a Finslerian symplectic manifold.
Suppose that F is locally Minkowskian. Then the Chern connection
preserves ω if and only if
∂kωij = 0,
∂hxˆ
l.∂ˆk∂ˆix
h.ωlj + ∂hxˆl.∂ˆk∂ˆjx
h.ωil = ∂ˆkωij .
Where (xi)2ni=1 is the natural coordinates for the locally Minkowskian
manifold M and (xˆi)2ni=1 is an arbitrary local coordinate on M .
Proof : In any Finsler manifold M we have
ˆ˜Γ
p
qr = ∂ixˆ
p.∂ˆq ∂ˆrx
i + ∂ixˆ
p.Γ˜ijk.∂ˆqx
j ∂ˆrx
k.(3.1)
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(See [4] p.43) In locally Minkowskian manifolds in natural coordinates
we have Γ˜ijk = 0, so by using 3.5 and equation 3.1 we obtain the result.
✷
Now let us use the Randers metrics to obtain the Fedosov structure.
Let F (x, y) = α(x, y)+β(x, y) be a Randers metric on a manifoldM such
that dβ be nondegenerate. Therefore (M,dβ) is a symplectic manifold.
Now we calculate the conditions that the Chern connection preserves dβ.
Suppose that β(x, y) = bi(x)y
i or in other words β(x) = bi(x)dx
i and let
ω = dβ, so we have
ω = d(bidx
i) = dbi ∧ dx
i.
Therefore
ωpq = (dbi ∧ dx
i)(∂p, ∂q) = ∂pbq − ∂qbp.
The Chern connection arising from F = α+ β, preserves ω if and only if
(Γ˜lki∂lbj − Γ˜
l
kj∂lbi) + (Γ˜
l
kj∂ibl − Γ˜
l
ki∂jbl) + (∂k∂jbi − ∂k∂ibj) = 0
and also in Darboux coordinate we have
(Γ˜lki∂lbj − Γ˜
l
kj∂lbi) + (Γ˜
l
kj∂ibl − Γ˜
l
ki∂jbl) = 0.
4 Results from the Curvature Tensor
Let (M,ω, F ) be a Finslerian symplectic manifold such that the Chern
connection preserves ω and M admits a vector field W ∈ X (M) such
that for any x ∈M we have Wx 6= 0TxM . Suppose that ∇ is the induced
symplectic connection on M by the Chern connection and vector field
W . We have the following relations for the curvature tensor of ∇:
R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z,
R(∂j , ∂k)∂i = R
l
ijk∂l.
Therefore by using the Christoffel symbols we have:
Rlijk(x) = ∂jΓ
l
ki(x)− ∂kΓ
l
ij(x) + Γ
m
ki(x).Γ
l
jm(x)− Γ
m
ij (x).Γ
l
km(x)
= ∂jΓ˜
l
ki(x,W (x)) − ∂kΓ˜
l
ij(x,W (x))
+ Γ˜mki(x,W (x)).Γ˜
l
jm(x,W (x)) − Γ˜
m
ij (x,W (x)).Γ˜
l
km(x,W (x))
= (DjΓ˜
l
ki)(x,W (x)) + (DpΓ˜
l
ki)(x,W (x)).∂jW
p(x)
− (DkΓ˜
l
ij)(x,W (x)) − (DpΓ˜
l
ij)(x,W (x)).∂kW
p(x)
+ Γ˜mki(x,W (x)).Γ˜
l
jm(x,W (x))
− Γ˜mij (x,W (x)).Γ˜
l
km(x,W (x)).(4.2)
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Where in local coordinate (xi) we have
W =W p∂p,
and also Dp is derivative associated to component p.
Theorem 4.1. For any symplectic connection we have:
Rijkl = Rjikl .(4.3)
Proof : See [6]. ✷
Theorem 4.2. Let (M,ω, F ) be a Finslerian symplectic manifold.
If the Chern connection ∇˜ preserves ω then for any nowhere zero W ∈
X (M) we have the following two conditions:
(1)
{ {DkΓ˜
n
lj +DpΓ˜
n
lj .∂kW
p −DlΓ˜
n
jk −DpΓ˜
n
jk.∂lW
p + Γ˜plj .Γ˜
n
kp − Γ˜
p
jk.Γ˜
n
lp}
+ {DlΓ˜
n
jk +DpΓ˜
n
jk.∂lW
p −DjΓ˜
n
kl −DpΓ˜
n
kl.∂jW
p + Γ˜pjk.Γ˜
n
lp − Γ˜
p
kl.Γ˜
n
jp}
+ {DjΓ˜
n
kl +DpΓ˜
n
kl.∂jW
p −DkΓ˜
n
lj −DpΓ˜
n
lj .∂kW
p + Γ˜pkl.Γ˜
n
jp − Γ˜
p
lj .Γ˜
n
kp}}ωin = 0,
(2)
{ DkΓ˜
n
lj +DpΓ˜
n
lj .∂kW
p −DlΓ˜
n
jk −DpΓ˜
n
jk.∂lW
p + Γ˜plj .Γ˜
n
kp − Γ˜
p
jk.Γ˜
n
lp}ωin
− {DkΓ˜
n
li +DpΓ˜
n
li.∂kW
p −DlΓ˜
n
ik −DpΓ˜
n
ik.∂lW
p + Γ˜pli.Γ˜
n
kp − Γ˜
p
ik.Γ˜
n
lp}ωjn = 0.
Proof : For (1) it is suffices to use equation 4.2 and the first Bianchi
identity for symmetric connections. We can obtain (2) by using equations
4.2 and 4.3. ✷
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